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Abstract
This is an expository paper explaining how trees can be used to
compute effectively the vector field expressions which arise in nonlinear
control theory. It also describe the mathematical structure that sets
of trees carry.
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Introduction

This is an expository paper explaining how trees can be used to compute
effectively the vector field expressions which arise in nonlinear control theory.
It also describe the mathematical structure that sets of trees carry.
This paper is based upon [7] and [15]. It also has been influenced by joint
work with P. Crouch described in [5] and [6]. The mathematical structure
underlying sets of trees was worked out in [10]. This exposition derives, in
part, from [8], which is an expository account of symbolic expressions which
arise in the study of differential equations. The figures are taken from [9].
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Figure 1: The trees associated with the vector fields Ej .
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The basic idea

In this section, we describe the basic idea of how trees can be used to organize
computations involving vector fields following [7] and [8]. Consider a control
system
ẋ(t) = E1 (x(t)) + u1 (t)E2 (x(t)) + u2 (t)E3 (x(t)),

x(0) = x0 ∈ RN ,

(1)

where E1 , E2 and E3 are vector fields defined in a neighborhood of x0 ∈ RN
and t 7→ ui (t) are controls. Our goal is to describe a class of algorithms for
the effective symbolic computation of expressions built from the vector fields
that describe the local behavior of the control system. These expressions
include iterated Lie brackets and the generating series of the system.
The starting point is to assign trees to vector fields as illustrated in Figure 1, and then to impose a multiplication on the trees which is compatible
with the composition of vector fields. Assume that the vector fields Ej have
the form:
Ej =

N
X

aµj Dµ ,

j = 1, 2, 3,

j = 1, . . . , M,

(2)

µ=1

where aµj are smooth functions on RN and Dµ = ∂/∂xµ . Now
E2 · E1 =

X

bj (Dj ai )Di +

X

bj ai Dj Di

and E3 · E2 · E1 is equal to
X

µ

aµ3 k (Dk a2 j )(Dj aµ1 i )Di +
µ

X

µ

X

X

X

aµ3 k a2 j (Dk aµ1 i )Dj Di +

µ

aµ3 k a2 j (Dj aµ1 i )Dk Di
µ

aµ3 k aµ1 i (Dk a2 j )Dj Di .
(3)
Here the sum is for i, j, k = 1, . . . , N and hence involves O(N 3 ) differentiations. It is convenient to keep track of the terms that arise in this way using
labeled trees: we indicate in Figure 2 the trees that are associated with the
six sums in this expression.
+

aµ3 k a2 j aµ1 i Dk Dj Di +

µ

aµ3 k a2 j (Dk Dj aµ1 i )Di +

2

X

Figure 2: The trees associated with Equation 3.
An iterated Lie bracket such as
[E3 , [E2 , E1 ]] = E3 E2 E1 − E3 E1 E2 − E2 E1 E3 + E1 E2 E3

(4)

gives rise in this fashion to 24 trees corresponding to the 24N 3 differentiations that a naive computation of this expression requires. On the other
hand, 18 of the trees cancel, saving us from computing 18N 3 terms. We
are left with 6N 3 terms of the form (junk)Dµ1 . A careful examination of
this correspondence between labeled trees and expressions involving the Ej ’s
shows that the composition of the vector fields Ej ’s, viewed as first order
differential operators, corresponds to a multiplication on trees. This multiplication is illustrated in Figure 3. It turns out that this construction yields
an algebra, which we call the algebra of Cayley trees.
Let R denote a space of smooth, that is C ∞ , observation functions and
let A denote the space of differential operators generated by E1 and E2 . For
many applications it is important to have efficient algorithms to compute
the actions of these differential operators on observation functions:
p · f,

p ∈ A,

f ∈ R.

For example, the generating series associated to the system is an infinite sum
of terms of this type. Depending upon the representation of the function f ,
additional cancellations can be expected.
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Figure 3: An example of multiplying two trees.
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Bialgebras

As we will see in the next section, the space of trees has the structure of a
bialgebra, which gives the ring of smooth test functions R the structure of
a module algebra. By exploiting this algebraic structure, it is possible to
derive more efficient algorithms. In this section we review the basic facts
about bialgebras and module algebras which will we will need, following [5]
and [6].
At the end of this section, we give the definition of differentially produced
which is fundamental the theorem of Section 6.
Let k denote any field of characteristic 0. By an algebra we mean a
vector space A over the field k with an associative multiplication and unit.
The multiplication can be represented by a linear map µ : A ⊗k A → A;
the unit can be represented by a linear map k → A (the map sending 1 ∈ k
to 1 ∈ A). The facts that the multiplication is associative, and that 1 ∈ A
is a unit, can be expressed by the commutativity of certain diagrams. For
example, the commutativity of the diagram
A ⊗k A ⊗k A −→ A ⊗k A
↓
↓
A ⊗k A
−→
A
where the upper horizontal arrow is the map µ ⊗ I, the left vertical arrow is
the map I ⊗ µ, and the remaining two arrows are the map µ, expresses the
associativity of multiplication.
The dual notion to an algebra is a coalgebra: a vector space C over the
field k together with a coassociative coproduct ∆ : C → C ⊗k C and a counit
 : C → k. The fact that ∆ is coassociative and that  is a counit is expressed
by diagrams which are dual to the diagrams which express the facts that the
multiplication of an algebra is associative, and that 1 ∈ A is a unit: they are
the same diagrams, with the direction of all arrows reversed. For example,
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coassociativity is expressed by the commutativity of the diagram
C ⊗k C ⊗k C ←− C ⊗k C
↑
↑
C ⊗k C
←−
C
where the upper horizontal arrow is the map ∆ ⊗ I, the left vertical arrow
is the map I ⊗ ∆, and the remaining two arrows are the map ∆. Often the
P
element ∆(c) ∈ C ⊗k C is written c(1) ⊗ c(2) .
(c)

A bialgebra is a vector space H over k which has both an algebra and
a coalgebra structure, such that the coalgebra structure maps are algebra
homomorphisms, or equivalently, the algebra structure maps are coalgebra
homomorphisms. (This equivalence can be seen by expressing the assertion
that the coalgebra structure maps are algebra homomorphisms as a set of
commutative diagrams: this set of diagrams is self-dual.)
Some examples of bialgebras are the following:
1. Let G be a group, and let kG be the group algebra of G: the vector
space kG has the elements of G as a basis, with multiplication defined
by extending the multiplication on G linearly. The coproduct and
counit of kG are defined by
∆(g) = g ⊗ g
(g) = 1

)

g ∈ G.

2. Let G be an affine algebraic group, and let k[G] be the algebra of
representative functions on G. The algebra structure of k[G] is the
usual algebra structure of functions with point-wise multiplications.
The coproduct arises from the group multiplication G×G → G, which
induces the map k[G] → k[G × G] ∼
= k[G] ⊗k k[G]. The counit arises
from the map {e} → G, where {e} is the single-element group.
3. Let L be a Lie algebra over k, and let U (L) be the universal enveloping
algebra of L. The coproduct and counit of U (L) are defined by
∆(x) = 1 ⊗ x + x ⊗ 1
(x) = 0

)

x ∈ L,

and extended to all of U (L) using the fact that ∆ and  are algebra
homomorphisms.
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Usually, in studying bialgebras, an additional condition is imposed which
is analogous to the assertion that a semigroup is a group. Such bialgebras are
called Hopf algebras. The bialgebras which we consider in this paper (such
as the universal enveloping algebra of a Lie algebra) satisfy this condition
automatically.
A coalgebra is said to be cocommutative if it satisfies ∆ = T ◦ ∆, where
T is the map T : C ⊗k C → C ⊗k C defined by T (x ⊗ y) = y ⊗ x. Note that
the bialgebras in Examples 1 and 3 are cocommutative.
A vector space V over k is said to be graded if there is a sequence of
subspaces V0 , V1 , . . . such that
V ∼
=

∞
M

Vn .

n=0

A graded vector space V is said to be connected if V0 ∼
= k.
Let H be a bialgebra. A H-module algebra is an algebra R which is an
H-module such that the action satisfies
h · (f g) =

X

(h(1) · f )(h(2) · g),

for all h ∈ H,

f, g ∈ R.

(h)

An augmentation of an algebra R over k is an algebra homomorphism
 : R → k. If R = k[[x1 , . . . , xn ]] is a power series algebra, the map f 7→ f (0)
is an augmentation. If H is a bialgebra, then the dual space H ∗ is an algebra
with multiplication defined by pq(h) = (p⊗q)∆(h) for h ∈ H and p, q ∈ H ∗ .
The algebra H ∗ is a H-module algebra with respect to the action * of H
on H ∗ defined by (h * p)(k) = p(kh) for h, k ∈ H and p ∈ H ∗ .
We close this section with a remark and two fundamental definitions:
• If g ∈ H satisfies ∆(g) = g ⊗ g and R is an H-module algebra, then g
acts as an endomorphism of R; if x ∈ H satisfies ∆(x) = 1 ⊗ x + x ⊗ 1
and R is an H-module algebra, then x acts as a derivation of R.
• If H is a bialgebra, we say that p ∈ H ∗ is differentially produced by
the algebra R with the augmentation  if there is a H-module algebra
structure on R and there exists f ∈ R satisfying
p(h) = (h · f ).
• If H = U (L) is a bialgebra which is the universal enveloping algebra
of a Lie algebra L, we say that p ∈ H ∗ has finite Lie rank if L * p is
finite dimensional.
6
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The algebra of Cayley trees

In this section, we follow [13] and define a bialgebra structure on spaces of
trees. The relation between trees and differential operators goes back at
least as far as Cayley [3] and [4]. Of this literature, the work most closely
related to the view point taken here is Butcher’s use of trees to analyze
Runge-Kutta algorithms [1] and [2].
Let k will denote a field of characteristic 0 such as the real numbers or
complex numbers. By a tree we will mean a finite rooted tree. Let T be the
set of finite rooted trees, and let k{T } be the k-vector space which has T
as a basis.
We first define the coalgebra structure on k{T }. If t ∈ T is a tree whose
root has children s1 , . . . , sr , the coproduct ∆(t) is the sum of the 2r terms
t1 ⊗ t2 , where the children of the root of t1 and the children of the root
of t2 range over all 2r possible partitions of the children of the root of t
into two subsets. The augmentation  which sends the trivial tree to 1 and
every other tree to 0 is a counit for this coproduct. It is immediate that
comultiplication is cocommutative.
We next define the algebra structure on k{T }. Suppose that t1 , t2 ∈ T
are trees. Let s1 , . . ., sr be the children of the root of t1 . If t2 has n + 1
nodes (counting the root), there are (n + 1)r ways to attach the r subtrees of
t1 which have s1 , . . . , sr as roots to the tree t2 by making each si the child of
some node of t2 . The product t1 t2 is defined to be the sum of these (n + 1)r
trees. It can be shown that this product is associative, and that the trivial
tree consisting only of the root is a right and left unit for this product. It
can also be shown that the maps defining the coalgebra structure are algebra
homomorphisms, so that k{T } is a bialgebra. For details, see [10].
The bialgebra k{T } is graded: k{T }n has as basis all trees with n + 1
nodes. Because the bialgebra k{T } is graded connected, it is a Hopf algebra.
We summarize the above discussion in the following theorem.
Theorem 4.1 The vector space k{T } with basis the set of finite rooted trees
is a cocommutative graded connected Hopf algebra.
Assume now that each node of the tree (except for the root) is labeled
with a symbol from the set {E1 , . . ., EM }. We can define the product and
coproduct as above, and, once again, the resulting space is a bialgebra. See
[10] for details. Let k{LT } denote this algebra.
Let R denote a subring of the commutative ring of smooth functions on
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RN . We now define an action of the algebra of Cayley trees
B = k{LT }
on the ring R, making R a B-module algebra, which captures the action
of trees as higher derivations. This requires that we interpret the formal
symbols Ej as derivations of R using Equations 2. The action is defined
using the map
ψ : k{LT } → Endk R,
as follows:
1. Given a labeled, ordered tree t with m + 1 nodes, assign the root
the number 0 and assign the remaining nodes the numbers 1, . . . , m.
We identify the node with the number assigned to it. To the node k
associate the summation index µk . Denote (µ1 , . . . , µm ) by µ.
2. For the labeled tree t, let k be a node of t, labeled with Eγk if k > 0,
and let l, . . . , l0 be the children of k. Define
R(k; µ) = Dµl · · · Dµl0 aµγkk ,
= Dµl · · · Dµl0 ,

if k > 0 is not the root;

if k = 0 is the root.

Note that if k > 0, then R(k; µ) ∈ R.
3. Define
ψ(t) =

N
X

R(m; µ) · · · R(1; µ)c(0; µ).

µ1 ,...,µm =1

4. Extend ψ to all of k{LT } by linearity.
It is straightforward to check that this action of B on R makes R into a
B-module algebra.
We summarize with the following theorem.
Theorem 4.2 Let R the algebra of smooth functions on RN . Let B denote
the algebra of Cayley trees k{LT }. Then R is a B-module algebra with
respect to the action defined by ψ.
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Symbolic evaluation of vector field expressions

When expressions involving vector fields, such as Lie brackets, are written
out in coordinates, there is typically a lot of cancellation, as we have seen
above. Similar cancellation occurs in expressions involving Poisson brackets
and when flows are concatenated, as in Campbell-Baker-Hausdorf expansions. In this section, we use the algebra of Cayley trees to exploit this
cancellation in order to compute more efficiently formal expressions involving vector fields.
The standard action of the algebra A of differential operators generated
by E1 , . . ., EM on the algebra of smooth functions R gives R the structure
of a A-module algebra. It is easy to relate these two H-module algebra
structures on R and this observation is the basis for our algorithms.
Let
φ : A −→ B
denote the map sending the generator Ej of the algebra A to the tree consisting of two nodes: the root and a single child labeled Ej . This map is
illustrated in Figure 1. Extend φ to be an algebra homomorphism. Let χ
denote the map
A → Endk R
defined by using the substitution (2) and simplifying to obtain an endomorphim of R. We have the following diagram:
A → B
& ↓
Endk R

(5)

Theorem 5.1 (i) The maps χ, φ and ψ are related by χ = ψ ◦ φ. (ii) Fix
a function f ∈ R and a differential operator p ∈ A. Then
p · f = φ(p) · f.
Here the action on the left views R as an A-module algebra, while the action
on the right views R as B-module algebra.
The first assertion is proved in [14] and the second assertion follows from
the first assertion and the definitions. From this theorem, we get:
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No. of terms
8N 3
12N 3
4N 3

Form
coeff.
coeff.
coeff.

of terms
Dµ1
Dµ2 Dµ1
Dµ3 Dµ2 Dµ1

Table 1: Naive computation of the differential operator corresponding to p.
Algorithm 5.1 To rewrite expressions in the first order differential operators Ej in terms of the basis
∂
,
∂xµ1

∂2
,...,
∂xµ1 ∂xµ2

µ1 , µ2 , . . . = 1, . . . , N,

compute the composition of the rightward and downward pointing arrows in
the diagram above.
In [11], [12] and [14], we show that the algorithm is much more efficient than
naive substitution, which corresponds to computing the diagonal arrow directly. In some common cases, the improvement in efficiency is exponential.
We have implemented this and related algorithms in Maple, Mathematica
and Snobol.
We illustrate this algorithm by working the example of the last section
following [7]: consider a higher order derivation of the form
p = E3 E2 E1 − E3 E1 E2 − E2 E1 E3 + E1 E2 E3 .
Naive simplification requires computing 24N 3 terms of the form described
in Table 1. The image of p in the algebra of Cayley trees contains 24
trees, six for each of the four terms of p. For example, the six labeled trees
corresponding to the first term are given in Figure 2. Eighteen of these
trees cancel, leaving the six trees in Figure 4. The corresponding differential
operator is equal to

−

X

aµ3 3 (Dµ3 aµ2 2 )(Dµ2 aµ1 1 )Dµ1 −

X

aµ3 3 (Dµ3 aµ1 2 )(Dµ2 aµ2 1 )Dµ1

X

aµ2 3 (Dµ3 aµ1 2 )(Dµ2 aµ3 1 )Dµ1 +

X

aµ1 3 (Dµ3 aµ2 2 )(Dµ2 aµ3 1 )Dµ1

+

X

aµ3 3 aµ2 2 (Dµ3 Dµ2 aµ1 1 )Dµ1 −

X

aµ3 3 aµ1 2 (Dµ3 Dµ2 aµ2 1 )Dµ1 ,

and contains 18N 3 fewer terms than does the naive computation of p. Notice
that all the terms of degree 2 and 3 cancel, as well as some of the first order
terms. An example of the cancellation of labeled trees is given in Figure 5.
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Figure 4: The surviving labeled trees.

Figure 5: The term E3 E1 E2 contributes the first labeled tree and the term
E1 E2 E3 contributes the second, which cancel.
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6

The algebraic realization of input-output maps

In this section we state a theorem which uses bialgebras to describe the
realizability of input-output maps of control systems. If L is a Lie algebra
of derivations of R which is generated by {E1 , . . . , EM }, then H = U (L)
has a basis of monomials in the Ei . If x(t) is a solution to the control system
ẋ(t) =

M
X

ui (t)Ei (x(t)),

(6)

i=1

and f ∈ R is an observation function, then the formal generating series
p=

X

pµ µ,

where pµ = Eµ1 · · · Eµk f (x(0)),

can be thought of as a functional on the bialgebra H = U (L). Using the terminology introduced above, p is differentially produced by R. The following
theorem gives a condition which is stated in terms of the action of H on H ∗
for p ∈ H ∗ to be the generating series associated with an input-output map.
(See [15] for a complete exposition.)
Theorem 6.1 Let L be a Lie algebra, and let H = U (L). Then p is of finite
Lie rank if and only if p is differentially produced by an augmented algebra
R with ker /(ker )2 finite dimensional.
It can be shown that R can be taken to be isomorphic to a power series
ring in finitely many variables.
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